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Abstract. In this paper, we defined the basic idea of the single-valued neutrosophic upper (an)°, single-valued neutro- 
sophic lower (an)5 and single-valued neutrosophic boundary sets (an)? of a rough single-valued neutrosophic set ay 
in a single-valued neutrosophic approximation space (F,5). Based on a, and 6, we introduced the single-valued neu- 
trosophic ideal approximation interior operator int? and the single-valued neutrosophic ideal approximation closure 
operator Cl .. We joined the single-valued neutrosophic ideal notion with the single-valued neutrosophic approxi- 
mation spaces and then introduced the single-valued neutrosophic ideal approximation closure and interior operators 
associated with a rough single-valued neutrosophic set ay. single-valued neutrosophic ideal approximation connect- 
edness and the single-valued neutrosophic ideal approximation continuity between single-valued neutrosophic ideal 
approximation spaces are introduced. The concepts of single-valued neutrosophic groups and their approximations 
have also been applied in the development of fuzzy systems, enhancing their ability to model and reason using uncertain 


and imprecise information. 


1. INTRODUCTION 


Sometimes, it is not convenient to apply practical problems to real-life applications. Data 
in medical sciences, economics, weather, climate changes, etc always involve various types of 


uncertainties. Moreover, fuzzy systems have been extensively studied and applied in various 
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domains due to their ability to handle uncertainty and imprecision. Fuzzy sets and fuzzy logic, 
provide a flexible framework for modeling and reasoning with vague and uncertain information. 
Fuzzy systems have found applications in areas such as control systems, decision support systems, 
and pattern recognition. The integration of neutrosophic set theory with fuzzy systems offers an 
intriguing avenue for further exploration. By incorporating the three membership functions of 
truth, indeterminacy, and falsity, neutrosophic sets can provide an enhanced representation of 
uncertainty. The combination of neutrosophic sets and fuzzy systems has the potential to improve 
the modeling and decision-making capabilities by capturing and managing a wider range of 
uncertainties that arise in real-world applications. 

The notion of rough sets was given by Pawlak [1] referring to the uncertainty of intelligent 
systems characterized by insufficient and incomplete information. Rough sets are defined de- 
pending on some equivalence relation 6 on a universal finite set F. The pair (F,6) was called 
an approximation space based on an equivalence relation imposed on ¥. In any approximation 
space, the notions of lower approximation, upper approximation, and boundary region operators 
of some subset could be induced. Many types of generalizations of Pawlak’s rough set have been 
obtained by replacing equivalence relation with an arbitrary binary relation. On the other hand, 
the relationships between rough sets and topological spaces were studied in [2]. A lot of fuzzy 
generalizations of rough approximation have been proposed in the literature [3-7]. Irfan in [8] 
studied the connections between fuzzy set, rough set, and soft set ( [9]) notions. Many papers 
studied the relationship between fuzzy rough set notions and fuzzy topologies [10,11]. Recently, 
many researchers have used topological approaches in the study of rough sets and their applica- 
tions. In [12], it was used the notion of ideal in soft rough ordinary topological space, and in [13], 
the authors introduced fuzzy soft connectedness in the sense of Chang [14]. 

To exceed the difficulties in using the traditional classical methods the word neutrosophy is un- 
derstood to be a tool for handling problems involving incomplete, indeterminate and inconsistent 
information and the theory was initiated by Smarandache [15] as a generalization of fuzzy sets and 
intuitionistic fuzzy sets. He defined the neutrosophic sets to be characterized by three membership 
functions independently: truth, indeterminacy and falsity. For this reason, the neutrosophic set 
theory becomes an attractive field for scientists and researchers who like to develop their concerns 
and match up their works in this scope, such as Wang et al [16] who formed the single-valued 
neutrosophic sets, Yang et al., and Qiu at al., [17,18] who proposed the single-valued neutrosophic 
relations and single-Valued neutrosophic rough sets, and also Saber et al. [19-30] who famil- 
iarized the concepts of single-valued neutrosophic ideal open local function and single-valued 
neutrosophic topological space. 

The incentive of this paper is to present a new better single-valued neutrosophic lower and 
single-valued neutrosophic upper sets through which we get a more consistent single-valued neu- 
trosophic boundary region set off a single-valued neutrosophic set a;. From these single-valued 


neutrosophic lower and single-valued neutrosophic upper sets, we introduced concepts of new 
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single-valued neutrosophic interior and single-valued neutrosophic closure operators related to a 
specific single-valued neutrosophic set ay, € CF. and that single-valued neutrosophic relation 6 
on ¥. In the single-valued neutrosophic approximation space (¥, 6), based on this single-valued 
neutrosophic interior and single-valued neutrosophic closure operators, we defined fuzzy approxi- 
mation connectedness. Defining a single-valued neutrosophic ideal on ¥ generates a single-valued 
neutrosophic ideal approximation space in which a single-valued neutrosophic local function was 
defined and many results are proved. Connectedness in single-valued neutrosophic ideal approx- 
imation spaces (¥,6,f) is defined and related with connectedness in single-valued neutrosophic 
approximation spaces. Also, single-valued neutrosophic ideal approximation continuity among 
two single-valued neutrosophic ideal approximation spaces were discussed. 

In this study, F denotes toan initial universe, € F is the collection of all single valued neutrosophic 
sets (simply, SVNS) on F (where, € = [0,1], = (0,1] and &; = [0,1)) 


2. PRELIMINARIES 


Definition 2.1. Let F be a finite set, with a generic element in F indicated by v. ASVNS [4] is defined 


as: 
OD On P) Gol DP GaA0)) ive F } 


where Gy, :F — E (Gq, called membership function), 6a, : F > & (Gq, called nonmembership function) 


ANE Cop. F > E( Eq, called nonmembership function) of v to ay, with 
0 S Bor, (v) ae Oo, (v) P Ea, (Vv) s 3 
All characterizations and concepts of SVNS originate in found [19] and [17]. 


Definition 2.2. For any w € F, define a single valued neutrosophic coset (sample, SVN — coset) [a] : 
F — [0,1] as: 

Bal (V) = G5(@,v),  Ejaj(v) = C5(@,V) Gay (v) =5s(a,v), WEF, (2.1) 
All elements v € F with SVNS value G5(w,v) < 1,85(w,v) < 1,05(w,v) > 0 are elements having 
a membership value in the SVN — coset [w]|, and any element v € F with S5s(w,w) = 0,65(w,w) = 


0, 05(w,w) = 1is not included in the SVN — coset |w]. Any SVN — coset |w]| surely include the element 
w € F,and consequently 


Fry (Ol(H)) =O, Epyp(lol(H)) =0, Yor F, Gy, 5 (lo](u)) = 1. 
BAjeg (ll) =0, Epp (lol(r)) =0, WeF, dy, (lo](r)) =1, 
such that \/ ,.¢-([v]) = (0,1,1). 
Definition 2.3. Let us define the single-valued neutrosophic difference between two SVNSs as next: 


0, if Con (w) S Be, (w), 
Ga, A G(c,)(@), otherwise. 


Gan Be, (w) = | 
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ia if Ga,(W) = Ge, (@), 


(2.2) 
Ga, V G(¢,)(W), otherwise. 


Ga, Voce, (w) = | 


Ly if Can (w) 2 Cen (w), 
Can V E(c,)(W), otherwise. 


Ca, VCey (w) = | 


3. SINGLE-VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES 

Definition 3.1. A nonempty collection of SVNSs h of a set F is called single valued neutrosophic ideal [8] 
(briefly, SVNI) on F if it satisfies the following: 

1540, Lee, 

2. If ba, (@) < Ge, (v),Fa,(@) = Ge,(@), Ca, (w) = Ee,(W) and ay €h, then, én € h,¥w € F and 

Ong En © OF 

3. fan, €n €h, then ((Ga, V Ge,)(@), (Gay A Sex) (W) (Cay A Ee, (W)) €h, Vw €F and an, en € CO. 
If hy and hy are SVNIs on F, we obtain hy is finer than hy [hz is coarser than hy| if hy 2 h. The triple 
(F,6,h) is said to be a single-valued neutrosophic ideal approximation space (briefly, SVNIAS). Denote the 
trivial SVNI h° as a SWNT including only (0,1, 1). 


Definition 3.2. Let (F, 6,h) be a SVNIAS and ay, € oF, Then, the single valued neutrosophic local set 
lenla, (6,h) of a set &, € C7 is defined by: 
fenl%, (6,8) = tat € CO + eyRrty = (Oe, Rng), Fo, VOn, (0), 
Ce, VEn,(@)) € h, Cl." (Tn) = Ten} 


*_ or [En]2, (f) instead of [en]* (6,h). 


Briefly, we will write |én]y, 


Corollary 3.1. Let (F,6,h) be a SVNIAS and ay, € CF, where h’ is the trivial single valued neutrosophic 
ideal on ¥. Then, for each &, € C7 , we have eae. = CIs" (En). 


Proof. Since, h° = (0,1,1), we obtain 
[enl3, (5,2) = [\{rtn € OF + enAtIn = Gey AGrn (W), Gon Vm, (W), Cen Erm, (@)) = (0,11), C1" (7tn) = Ten} 
this implies 

lenl%, (6,4) = Ne eC? : 6,,(w 


Since én < C15" (En) , Cl" (cle (én)) = Cl#* (en), then [én]3, < C 
there exists 1 € C7 ,G-,(W) < Gm(@),Ge,(@) > Fn, (w), Cn, (w) 
CU" (cy) > rey But 8, (00) < Om(@), Sey 0) 2 

and then 


See 
lA 
Oi 
3 
= 
8 
=o 
Q 
= 
~~ 
= 
“~~ 
IV 
Q 
3 
~~ 
8 
“~" 
IN 
£ 


Cen(@) & Cn (Ww), Cle” (Fin) = Ten}. 


" (en). Let Cl?" (en) £ [en]g,, then 
> En, (w), Cli" (tn) = Tn, So that 
> C,,,(w) implies that (€,)° < (11)° 


ella (en) = [(an)o]° Vv [en]° = [(an)o]° v bea? SCL (Tn) = Tn. 


Contradiction, and then [enle, = CIs" (En). Oo 


30 
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6 1 W2 W3 W4 5 

wy || (1, 0,0) || (0, 1, 1) || (0, 1, 1) (0, 1, 1) (0, 1, 1) 

w2 || (0, 1,1) || (1, 0, 0) || (0, 1, 1) (0, 1, 1) (0, 1, 1) 

w3 || (0, 1, 1) || (0, 1, 1) || (1, 0, 0) (0, 1, 1) (0, 1, 1) 

wa || (0, 1,1) || (0, 1, 1) || (0,1, 1) (1, 0, 0) (0.2, 0.2, 0.2) 

ws || (0, 1,1) || (0, 1, 1) || (0,1, 1) || (0.2, 0.2, 0.2) (1, 0, 0) 
TaBLe 1. SVNRof 6 


Example 3.1. This is an example that shows that |é,| 


an 


< Cli" (En): 


Let 5 be SVNRona set F = {a ,@2,W3, Wa, 5} as shown down. 
Assume that on = ((1,0,0), (1,0,0), (1,0,0), (0.1,0.1,0.1), (0.2,0.2,0.2)). Then, 


G(a,)°(@1) = Ga, (@1) A 


Also, 


\\ Ca] (HE) 


An(U)>0,u#a) 
Hence, (an)°(@1) = (0,1,1). Similarly, we can obtain (an)°(w2) = (0,1,1) and (an)°(w3) = (0,1,1). 


Ga,)°(W4) = Oa, (wa) A 


Hence, (an)°(wa) = (0.1, 0.2, 0.2), and 


G(a,)°(@5) = Ga, (ws) A 


Thus (an)°(ws) = (0.2,0.2,0.2) and than, 


(an)° = ((0,1,1), (0,1,1), (0, 1,1), (0.1, 0.2, 0.2), (0.2, 0.2,0.2)), 


Int. J. Anal. Appl. (2024), 22:26 31 


(an)5 = ((1,0,0), (1,0,0), (1,0, 0), (0.2,0.1,0.1), (0.2, 0.2,0.2)), 


[(an)o]® = (0, 1,1), (0, 1,1), (0, 1,1), (0.1, 0.9, 0.2), (0.2, 0.8, 0.2)). 
Let, én = ¢(0.3,0.3,0.3), (0, 1,1), (0, 1,1), (0,0.8, 0.2), (0,0.8,0.2)), then 
(e,)° = ¢(0,1,1), (0,1,1), (0,1,1), (0,0.8, 0.2), (0,0.8,0.2)) and thus 
Cl?" (én) = [(an)o]° V (én)® = (0,1, 1), (0, 1,1), (0,1,1), (0.1, 0.8, 0.2), (0.2, 0.8, 0.2)). 
Assume that a SVNT is defined on ¥ as follows 
h={mné€C :1%< ((0.5,0.3,0.3),(0:5,0.5,0.5), (0.5,0.5,0.5); (0:5, 0.5, 0.5), (0:5, 0.5,0.5))} 


Note that every Ty € CF, we have Cl" (fii) = X(0,1;-1),10, 1, 1),.(0, 1, 1),(0-1,.0.9,0:2) (0.2, 0:8;0.2)), 
and recall that if €n € h, then lenla, = (0,1, 1) [By equations 2.1., €nA(0,1,1) = én € fh, cr (40,.1,1)) = 
(0,1,1)] and if C13" (en) = €n and &n ¢ h, then [en], = En. 

Now, we get that VW Tn = (p, (0,1,1), (0,1, 1), (0.1, 0.9, 0.2), (0.2, 0.8,0.2)) for all p € L, we get 


Cy (a) ihe, 
Form equations 2.1, we have EnATin € h, and thus 
[enl2, — ((0, 1, 1), (0, 1, ‘it (0, 1, 1), (0.1, 0.9, 0.2), (0.2, 0.8, 0.2)) Zz Cl," (En) . 
Hence, [&n]%, < ClS" (€n). 
Proposition 3.1. Let (F,6,h) be a SVNIAS and ay, € em Then, 
1. En S Vy implies lenla, < Cane 
. If fy, hz are SVNTs ideals on F and hy © hig, then lenla, (fi) = lenla, (fiz). 
ints” ([enla,) < fenla, = Cly” ([enla,) $ Cl" (en). 
(exla,)&, < Cl" (Lens, 


[en], v [vile < [enV Und, and lenla, A Cala > [en A Und, 


a WON 


Proof. Suppose that [&n]> £ [vn], then there exists mn € CF with Cl" (Mn) = Nn and vnAtn = 
(0v,A@n, (w), By, VOn, (w), Cun Von (w)) eh such that 


Cre, * (w) > Onn (w) 2 On, |* (w), 


Qe 
oa 
“— 
8 
“" 
A 
Q 
> 
~~ 
8 
“—" 
lA 
Q 
= 
a+ 
o—— 
pores 
O 
= 


En an Vilon 
Since En = Un, then Ge, Gn, (w) < Gv, AOn, (w), Ge, VOn, (w) a Gy, VOn, (w), Ce, VEnn (w) 2 Con V Cnn (w) 
and (Be,AGn, (W), 62, VOn,(@), Cen V Sinn (w)) € h with Cls" (1m) = Nn. Thus, 


Ge,)*, (@) S Oim(@), Fee (@) 2 FfyJ(@), Sfe,)* (@) 2 Sinn (@), 
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which is a contradiction for equation (3) and hence [én]* < [vn]%, 
(2): Suppose that [en]* (71) % [en]%, (2), then there exists m, € C7 with CIS" (tn) = Tn and 
Dyhne= (Gv, Any (@ aon. Ve: (@), Cun V Eng (w)) € hi, such that 


Olenl*, (m)() < Oy, (w) < Oe,|* (n hn) (@), 


an 


ClenJ*, (tn) (@) = Cnn, (w) > Clenl*, (ty) (@) 
Since fy C hz, then (Bc, Gn, (W), Ge, VOn,(@), Se, Vom (w)) € fig and Cle" (qn) = Mn. Thus, 


Olenl?, (tr) () S Gin (@),  Fe,)* (yy (Y) 2 Fy, (@), She Alf, (a) (@ W) = Cn, (@), 


it is a contradiction for equation (4). Hence [ula (fi) = | Enla, (fiz). 
(3): int ([enl3,) < len), S Cle" ([e ([e dy.) direct. Since, 
[enla, s Chis" (En), 
then Cl?" ([en]%,) < Cle" (en). 
. * nN 
(4): Since [&,]* < Clo" (én), then [ewe]. < Cl" ([en]a,)- 


(5): From (1), we have &n < Un => [En]>, < [Un]z,, and so (5) is satisfied. Oo 
Definition 3.3. Let (F, 6,h) be a SVNIAS and ay, € Ce Then, 


(i? )i (a) = Cl Vian ih, Weer: (3.3) 


(Gat )e GS int GA Caan Vee. (3.4) 
(Cls")%, and (int;")%_ are single valued neutrosophic operators from CF into C7 based ona specific SVNS 


a, and SVNT h in the SVNAS (F , 6). 


Now, if = h°, then 
(Cl) (En) = Cl (en V an) = C12 (en) = Cl2*((en)%,) = (En), and 


(ints")%, (En) = int" (En V (@n)°) = ints” (En) = ints" ((((En) 3,9) = (Cen) 8, 

Proposition 3.2. Let (F, 6,h) be a SVNIAS with ay € oF fixed. Then, for any €n,v € Co we have: 

1. (int§")%, (En) < ints" (En) S En < Cl§" (En) S (CIZ")G, (En). 

2. (Cl3")4, ((en)’) = ((int)a (en) and (int§")4, ((en)*) = ((CHR")S, (en) 
(Cle. (en i) = Cle (En) V (Cee (Tn) and int a. (ep n7) = cine). (En) A 
(int\")% (7x). 
4. (Cle Sekt = (Chey )e. (En) A (Che (yn) and (inte ya. (EnV Mn) = inte") a (En) V 
(ints")%,, (Tn). 
5. (C15")%, ((Cls")a,, (En)) = (Cy" a, (En) and (ints) ((int;")%, (En) < Gint;")5, (en). 
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6. If En S Mn, then (ClS")%, (En) S (Cly")%, (tn) and (ints")%, (en) < (ints")%, (mtn): 


Proof. (1): From equations 3.3 and 3.4, we get the proof. 
(2): From the Definition 3.3, we get that 


(ire)* (en) =[(amte") (en) a (Cand?) 
| 


By the same way, it can be shown that (int;")%, ((én)°) = (CEOs. (e,)). 
(3)-(5): from the Definition (int;")x, and (Cl,")%,_, we get the proof. 


5 
(6): From the Definition (int;")%, and (Cl,")%_, we get €n < Tn => Cs" (En) < Cl§" (Tn), WEn, Tn € 
x x * x * 
C7, and then (cif) (En) < (ohae (7tn). Similarly, (int?") (En) < (int<") ta) Oo 


4. CONNECTEDNESS IN SINGLE VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES 


We begin this section by defining the notion of connectedness in single valued neutrosophic 


ideal approximation spaces. Some of its characteristic properties are considered. 


Definition 4.1. Let (F,5) be a SVNAS and an € CF . Then, 


1. The SVNSS €n,U, € CF are called single valued neutrosophic approximation separated (briefly, 
SVNA-separated) if 


CI (64) Ady = ey ACI (04) = (0,11). 


2. A SVNS Ty, € cf is called single valued neutrosophic approximation disconnected set (briefly, 
SVNA-disconnected) if there exist SVNA-separated sets €y,Uy € C, such that €, V Vy = Tn. A 
SVNS Ty is called single valued neutrosophic approximation connected (briefly, SVNA-connected) 
if it is not SVNA-disconnected. 

3. (F,,6) is called single valued neutrosophic approximation disconnected space (briefly, SVNA- 
disconnected space) if there exist SVNA-separated sets €n,Un € Cf. such that €, V Vy = (1,0,0). 
A SVNAS (F 6) is called SVNA-connected if it is not SVNA-disconnected 


Definition 4.2. Let (F, 6,h) be a SVNTAS and ay, € Cr Then, 


1. The SVNSS &n,Vn € CF are called single valued neutrosophic ideal approximation separated (briefly, 
SVNIA-separated) if 


(Cig")* (En) ADn = en A (CIS) (On) = 1,1). 


2. A SVNS mt, € CF is called single valued neutrosophic ideal approximation disconnected set 
(briefly, SVNIA-disconnected) if there exist SVNIA-separated sets €n,Un € CF, such that 
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En V Vn = Thy. A SVNS Ty is called single valued neutrosophic ideal approximation connected 
(briefly, SVNIA-connected) if it is not SVNIA-disconnected. 

3. (F,6,h) is called single valued neutrosophic ideal approximation disconnected space (briefly, 
SVNIA-disconnected space) if there exist SVNIA-separated sets €y,Uy € op such that €y V Vy = 
(1,0,0). A SVNIAS (F; 6,h) is called SVNIA-connected if it is not SVNIA-disconnected. 


Remark 4.1. Any two SVNIA-separated sets €y,Un € oF are SVNA-separated as well (from that 
ie if 

Cl,” (Tn) < (ce). (En) V Tn € C7 ). That is, neutrosophic ideal approximation disconnectedness implies 

single-valued neutrosophic approximation disconnectedness and thus, single-valued neutrosophic approxt- 


mation connectedness implies single-valued neutrosophic ideal approximation connectedness. 


Example 4.1. This is an example that shows that [en]* < Cle (Er): 


Let 5 be SVNRona set F = {a ,@>,W3, Wa, W5} as shown down. 


6 Ww oy) W3 W4 W5 

@ || (1, 0,0) || (1, 0, 0) || (0, 1, 1) || (0, 1, 1) || (0, 1, 1) 

Ww || (1,0, 0) || (1, 0, 0) || (1, 0, 0) || (0, 1, 1) |] (0, 1, 1) 

w3 || (0, 1, 1) |] (1,0, 0) || (1, 0, 0) || (0, 1, 1) |] (0, 1, 1) 

wa || (0, 1, 1) || (0, 1, 1) || (0, 1, 1) || (1, 0, 0) || (1, 0, 0) 

ws || (0, 1,1) || (0, 1,1) | (0, 1, 1) || (1, 0, 0) || (1, 0, 0) 
TaBLe 2. SVNRof 6 


Assume that ay, = ((0,1,1), (0,1,1), (0.2, 0.2, 0.2), (1,0,0), (1,0,0)). Then, 
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Hence, (an)°(w3) = (0.2, 0.2, 0.2) and 


Gany(@4) = Baya)  \f Gay (WH) = 1, 


An(uU)>0,u#w4 


E(ay)(@4) = Gana) [Say (te) = 0, 


An(u)>0,u#w4 


Hence, (an)°(w4) = (1,0,0). Similarly, (an)°(ws) = (1,0,0). Thus, by equations (3) and (4) we get than 
(an)° = ((0,1,1), (0, 1,1), (0.2, 0.2, 0.2), (1,0,0), (1,0,0)) = (an)o, 


[(an)5]° = <(1,0,0), (1,0, 0), (0.2, 0.8, 0.2), (0,1, 1), (0,1,1)). 


Suppose that 


then 
(en)° = ((0,1,1), (0,1,1), (0,1, 1), (0.6, 0.6, 0.6), (0,1,1)), 
(vn)° = ((0,1,1), (0,1,1), (0, 1,1), (0,1,1), (0.6, 06, 0.6)), 
and thus from Definitions Cl;", int," in [14], we get than 
Cl" (én) = [(an)ol* V [en]? = ¢(1,0,0), (1,0,0), (0.2, 08, 0.2), (0.6, 0.6, 0.6), (0, 1,1)) 
,and also, C13" (Un) = [(an)5]° V [vn]® = <(1,0,0), (1,0, 0), (0.2, 08, 0.2), (0, 1,1), (0.6, 0.6, 0.6)), which 


means that 
Cl," ADK Seath cr Ce eax0 Le 1) 
Thus, €y, Vy are SVNA-separated sets, and moreover the SVNS 
(En V Un) = ((1,0,0), (1,0,0), (0, 1,1), (0.6, 0.6, 0.6), (0.6, 0.6, 0.6)) 


is SVNA-disconnected set. 


Now, suppose 
b= (ine F Na ((0.7,.0.7,0.7), (0.7,0.7,0.7), (0.7,0.7,0.7), (0.7; 0.7,0.7); (0.7,0.7,0.7))}: 
Then 
(Cage = ((1,0,0), (1,0,0), (0.2, 0.2, 0.2), (0.3, 0.3, 0.3), (0.3, 0.3, 0.3)). 
Hence, 


(ce). (e,) = ((1,0,0), (1,0,0), (0.2, 0.2, 0.2), (0.6, 0.3, 0.3), (0.3, 0.3, 0.3)), 
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which means that 
(CI2")* (en) A Vn = ((0,1,1), (0,1, 1), (0,1, 1), 0, 1,1), (0.3, 06, 0.6)) # (0, 1,1). 


Hence, not every SVNA-separated sets are SVNIA-separated sets, and moreover, the SVNS set (En Vv Un) 
will be SVNIA-connected set whenever h # CF and h # (0,1,1), that is, whenever h is a proper SVNI on 
F. 


Theorem 4.1. Let (F 6,h) be a SVNIAS and ay € CF, Then, the following are equivalent. 
1. (F,6,h) is SVNIA-connected. 
= stn * . q stn * = — . Sosy Ts 
2. Ey AVy = (0,1,1), (int? is (24) = En, (int? Ve (Un) = Vy and &€y V vy = (1,0,0) imply ey = 
(0,1,1) or vy, = (0,1,1). 
a * 
3. &n AUn = (0,1,1),(Cli) 


. (q= én, (CIS) (Un) = vy and €4.V v_e= (1,.0,0) imply y= 
(0,1,1) or v, = (0,1,1). 


Proof. (1) = (2) : Let €n,0% € CF with (ints) (ea) = én, (int?) (Un) = Vy such that €) A vp = 
(0,1,1) and €, V vy; = (1,0,0). Then, from (2) in Proposition 3.2., we get that 


(CI5")a, (én) = (Cl5")a, ((Un)°) = (Cints")a, (Un) )© = (Un) = ens 


(CIS), (vn) = (CAR")S, (Cen)®) = (Cit), (€n))® = (En) = Vn, 


Hence, (ae (E:) Ae = Ey (ie (Un) = €AvUn = (0,1,1). That is, &€,U, are 
SVNIA-separated sets so that €, Vv, = (1,0,0). But (F,6,h) is SVNIA-connected implies that 
Ey = (0,1,1) or vy = (0,1,1). 

(2) = (3) :, (3) = (1) : Clear. Oo 


Theorem 4.2. Let (F, 6,h) be a SVNIAS and an € C. Then, the following are equivalent. 


1. €, 1s SVNIA-connected set. 

2. If Un, Mn are SVNIA-separated sets with €y < (Uy, V Tn), then €_ A Vy = (0,1,1) or En A Tn = 
(0,1,1). 

3. If Un, My are SVNIA-separated sets with €) < (Uy V Tn), then En < Vp OF En < Ty. 


Proof. (1) = (2): Let vn, 7% are SVNIA-separated sets with €n < (Un V Mn). That is, 
* 
a 


* 
(ci) 0) Ar = ve N(CH, ) = 0. 
So that €n < (Un V Mn). Since 


(Cls") 4, (En A Un) A (En A Tn) = (Cl5")a, (En) A (CIs a, (Un) A (En A Tn) 
= (CH")a, (En) A En A (CI5") a, (Un) A Ten 


= (0, 1,1). 
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(Cls")a,, (En Ke eNO = (Cl5")a,, (En) A (Chee (Tn) A (En A Vn) 
= (CI5")a, (En) A En A (C13")a, (Tn) A Vn 


=(0/1,1). 


Then, (4 Av) and (4 A p) are SVNIA-separated sets with €, = (€ A Un) V (En A Mn). But € is 
SVNIA-connected means that €, A v, = (0,1,1) or €, A My, = (0,1,1). 

(2) > (3) : If en A vn = (0,1,1), En S (Un V Mn) means that €) = En A (Un V Mn) = (En A Un) V (En A 
Tn) = (En A Tn) and thus (€, < 7). Also, if €n A 1 = (0,1,1), then En < vp. 

(3) = (1): Let vy,,7m, be SVNIA-separated sets so that €, = Vv, V My. Then, from (3), €n < vy, or 


En < Ty. If €n < Un, then 
Tn = (Un V Tn) A Tn = En A Tn S Un A Tn S (CI5")5, (Un) A Tn = (0,1, 1). 
Also, if u < p, then 
Un = (Un V Tn) A Vn = En A Vn S Tn A Vn S (Cl5")3, (Tn) A Un = (0,1,1). 
Hence, €, is SVNIA-connected set. oO 


Definition 4.3. Let (F,5), (G,6*) be two SVNAS and ay € cF, e, € CG are SVNSs. Then, the 
mapping f : (F,5) > (G,6*) is called single valued neutrosophic approximation continuous (briefly, 
SVNA-continuous) if f~' (int; (Un)) < int{"(f7'(Un)) Vo vn € cS, 

Equivalently. f is called SVNA-continuous if f~' (C1 (Un)) = Cl" (fo! (Un)) V vn € C9. 


Definition 4.4. A mapping f : (F,6,h) > (G,6*) is called single valued neutrosophic ideal approxima- 
tion continuous (briefly, SUNIA-continuous) if f—" (int. (Un) Sunt); | (f-1(vn)) Von ECS, 
Equivalently. f is called SVNIA-continuous if f~'(Cl;")(Un) = (Cl5")&, (F71 (un) ) Wun € cS, 


Every SVNIA-continuous mapping will be SVNA-continuous as well (from (1) in Proposition 


3.2.) but not converse. 


Remark 4.2. Since h and h* are independent SVNIs on F and G respectively, then the mapping f : 
(Fs 6,h) > (G, 6*,h*) still not SVNIA-continuous in general even if we have taken f is a bijective map 
with respect to an € CF and flan) € C& and the SVNR 6 an F and 5* on G wrere 5* = 50 (f x) = 
(f x f)(6). This special case itself could be as an example of a SVNA-continuous mapping but not 


SVNIA-continuous in general 


Theorem 4.3. Let (F,6,h), (G,6*,h*), associated with a, € C7, €n € CG respectively, be SVNIAS and 
f : (F,6,h) > (G,6*,h*) is a SVNIA-continuous mapping. Then, f (nn) € C& is a SVNIA-connected 
set if Nn is a SVNIA-connected set in F. 


Proof. Let Un, Tn € Gg be SVNIA-separated sets with f(y) = Un V Ty. That is, (CIE, (Up) A Te = 
C1 )%, (ttn) A vn = (0,1,1). Then, qn < (4 Wav (rtn)), and from f is SVNIA-continuous, we 
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get that 
(C15")8,(F 1 (n)) AFM tn) Sf (CIs. (On) Af (tn) 
= 9 (Ch, has = FCO, 0) 
= (0,1,1). 
and similarly, we have 
(C1S")4, (Frm) Af (Un) < f(CAss (ttn) AF (Wn) 
= fT (Cy in) A vn) = f"(40,1,1)) 
= (0,1,1). 
Hence, f~!(v,) and f~!(m,) are SVNIA-separated sets in F so that nn < (fo! (vn) V f7'(mn)). But 
by (3) in Theorem (4.2), we get that mn < f~!(Un) or qn < f7'(7t1) which means that f (qn) < Un or 


f(t) < Tn. Thus, from that n, is SVYNIA-connected set in F, and again from (3) in Theorem (4.2), 
we get that f(n,) is SVNIA-connected in G. Oo 


The implications in the following diagram are satisfied whenever f is SVNIA-continuous. 


Nn is SVNA-connected — 1, is SVNIA-connected 


L 4 
f (tn) is SVNA-connected — f(n,) is SVNIA-connected 
i 7 
Nn is SVNIA-connected Nn 1s SVNA-connected 


Only the implications in the following diagram are satisfied whenever f is SVNA-continuous. 


Nn is SVNA-connected — nn is SVNIA-connected 


L L 
f (mn) is SVNA-connected — f (1) is SVNIA-connected 
T 


Nn 1s SVNIA-connected 
Example 4.2. Let F = G = {w1,W2,w3, 4} and fi F — G such that 


f(w1) = fl@2) = a1, flw3) = 2, f(wa) = wa, 
5 and 5* are SVNRon F , G respectively as follows: 
Assume that 
an = ((1,0,0), (1,0, 0), (1,0,0), (0.2, 0.2,0.2)) € CF, 
and 
Nn = ((0,1,1), (0.3, 0.3, 0.3), (0.5, 0.5, 0.5), (0.2,0.2,0.2)) € (a 
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Then, 


w2 || (0.5, 0.5, 0.5) 
w3 || (0.5, 0.5, 0.5) 
W4 (0, 1, 1) 


(0.5, 


7) W1 w2 W3 W4 
w1 || (1,0, 0) || (0, 1, 1) (0, 1, 1) (0, 1, 1) 
w || (0, 1,1) || (1, 0, 0) (0, 1, 1) (0, 1, 1) 
w3 || (0, 1, 1) || (0, 1, 1) (1, 0, 0) (0.3, 0.3, 0.3) 
wa || (0, 1,1) || (0, 1, 1) || (0.3, 0.3, 0.3) (1, 0, 0) 
TABLE 3. SVNRof 6 
o* W4 w2 W3 W4 
1 (1, 0, 0) (0.5, 0.5, 0.5) | (0.5, 0.5, 0.5) || (0, 1, 1) 


(1, 0, 0) (0:5,0.3, 0.5): |) (0,1; 1) 


0.5, 0.5) (1, 0, 0) (0, 1, 1) 


(0, 1, 1) (0, 1, 1) (1, 0, 0) 


TABLE 4. SVNRof 6 


Hence, (a@n)°(@1) = (an)°(@2) = (An)°(w3) = (0,1,1). Also, 


G(a,)(W4) = Oa, (w4) A 


E(ay)0 (4) = Oa, (w4) V 


Thus, (an)°(w4) = (0.2,0.3,0.3) and than, 


An(U)>0,u#w4 


VV Gai(u) =0, 


\\ Cla] (HL) = 0.3, 


(an)° = <(0,1,1), (0,1,1), (0, 1,1), (0.2, 0.3, 03)), 


(aa ja =<, 0;0),(1,0;0),1 1.0; 0), (0.3, 0:2,0.2)), 


[(an)s]° = ((0,1,1), (0, 1,1), (0, 1,1), (0.2, 0.8, 0.3)). 
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For By = ((0, 1,1), (0, 14,1) 3 (0:2,0:8,0.2),.(0/15.1)) cg, we get that 
f*(Bn) = (01,1) 
and then Cl" (f~'(Bn)) = (0,1,1). Since 


(nn)5« = ((0.5,0.5, 0.5), (0.5, 0.3, 0.3), (0.5, 0.5, 0.5), (1,0, 0), 
(Bn) = <(0,1,1), (0, 1,1), (0.2, 0.8, 0.5), (0,1,1)), 


[(nn)5*]© = ¢(0.5, 0.5, 0.5), (0.3, 0.7, 0.5), (0.5, 0.5, 0.5), (0,1,1)). 
Then, Cl?" (Bn) = [(nn)o-]° V (Bu)® = ¢(0.5,0.5,0.5), (0.3, 0.7, 0.5), (0.5, 0.5, 0.5), (0,1,1)). Thus, 
f (CBr) ) =< 05,0'5;0.5),(0.5,0.5;0.5); (0:3,0:7,0.5),(0;151)) 20,151) = CHF *(Bn)) 


. Hence, there is a fuzzy set Bn € cS satisfying the condition of single valued neutrosophic approximation 
continuity. Next, we will show that By itself will not satisfy the condition of fuzzy ideal approximation 
continuity. 

Since, C1" (f-!(Bn)) = (0,1, 1), then 


(CSS, (FB) = Els" (F7*(Bu)) ¥ Carn) ), = (Caen) Y8,, 
that is, 
(Cio")*, (f-1(Bn)) = {4(0,1, 1), (0, 1,1), (0,1, 1), (0.2, 0.3, 03))}%.. 


Now, define a single-valued neutrosophic ideal h over ¥ as next 
p eho < {((1,0,0), (1,0,0), (0.2, 0.2, 0.2), (0.2, 0.2,0.2))} 
. Then, from being ci" (Un) = (An)5 V (un)° = <(0,1,1), (0, 1,1), (0, 1,1), (0.2, 0.8, 0.3)), we get that, 
(Cl")3, (7! (Bn)) = {«(0,1, 1), (0,1, 1), (0.2, 0.8, 0.2), (0.2, 0.8, 0.2))}. 

according to the definition of h and the definition of 

(pnl®, (6,8) = Aton OF : pnAvn = (OupNOrg (©), Bp, VE rg (), Sp VErg ()) € , C10" (Yn) = Ve 
. Hence, we obtain 

fC! (Bu)) = (0.5, 0.5, 0.5), (0.5, 0.5, 0.5), (0.3, 0.7,0.5), (0,1,1)) # (ClS")3, (F-!(Bn)) 


= {((0,1,1), (0, 1,1), (0.2, 0.8, 0.2), (0.2, 0.8, 0.2))} 


Therefore, not any single-valued neutrosophic approximation continuous map must be a single-valued 


neutrosophic ideal approximation continuous but the converse is a must. 
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5. CONCLUSION 


In this paper, we introduced the notion of single-valued neutrosophic approximation space. 
Joining a single-valued neutrosophic ideal to the single-valued neutrosophic approximation space, 
we got asingle-valued neutrosophic ideal approximation space with other properties different from 
those of single-valued neutrosophic approximation spaces. In future work, we will define single- 
valued neutrosophic approximation rough groups and single-valued neutrosophic approximation 


rough rings as applications of this paper. 


Discussion for further works: The theories that were used in this article could be extended to 
study some similar notions in the neutrosophic metric topological spaces. 
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